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I ABSTRACT 
I 
T h i s  r e p o r t  p r e s e n t s  a numer i ca l  method f o r  t r e a t i n g  t h e  time t r a n s i e n t  Reynolds  
e q u a t i o n  which h a s  t h e  numer i ca l  s t a b i l i t y  p r o p e r t i e s  of i m p l i c i t  schemes and 
t h e  speed of e x e c u t i o n  of e x p l i c i t  methods. These advan tages  make t h i s  method 
q u i t e  s u i t a b l e  f o r  b o t h  s t e a d y - s t a t e  and t r a n s i e n t  c a l c u l a t i o n s .  
t 




The r e s e a r c h  p r e s e n t e d  i n  t h i s  paper  h a s  been mot iva t ed  by two c l a s s e s  o f  prob- 
lems commonly encoun te red  i n  g a s  l u b r i c a t i o n  technology:  
1) Dynamic r e s p o n s e  and s t a b i l i t y  c a l c u l a t i o n s  f o r  gas  b e a r i n g  sys t ems  
a r e  b e s t  sQlved by t i m e  t r a n s i e n t  i n t e g r a t i o n  of Reynolds e q u a t i o n  
i n  combina t ion  w i t h  t h e  a p p r o p r i a t e  dynamic e q u a t i o n s  of motion of  
t h e  sys t em components (Ref .  1). 
2) S t e a d y - s t a t e  d a t a  f o r  extreme o p e r a t i n g  c o n d i t i o n s  such a s  h i g h  v a l -  
u e s  of t h e  b e a r i n g  number n a n d  e c c e n t r i c i t y  r a t i o  E a r e  o f t e n  ob- 
t a i n e d  w i t h  g r e a t  numer i ca l  d i f f i c u l t y  by s t e a d y - s t a t e  methods 
( R e f s .  2 and 3) b u t  c a n  be e a s i l y  o b t a i n e d  by time t r a n s i e n t  c a l c u -  
l a t i o n s  s t a r t i n g  from p h y s i c a l l y  r e a s o n a b l e  i n i t i a l  c o n d i t i o n s  and 
d i f f u s i n g  t o  t h e  f i n a l  answer.  
Two b a s i c  approaches  c a n  be used i n  t h e  t i m e  i n t e g r a t i o n  of  Reynolds e q u a t i o n ;  
t h e y  a r e  commonly c a l l e d  t h e  " e x p l i c i t "  and i m p l i c i t "  methods ( R e f .  1). 
By t h e  e x p l i c i t  method t h e  t i m e  d e r i v a t i v e  of  p r e s s u r e  i s  e v a l u a t e d  from t h e  
res t  of Reynolds  e q u a t i o n  t a k e n  a t  t i m e  T .  The v a l u e  of t he  p r e s s u r e  a t  t i m e  
T + A T  i s  t h e n  o b t a i n e d  by d i r e c t  e x t r a p o l a t i o n .  
By t h e  i m p l i c i t  method b o t h  t h e  v a l u e  of  p r e s s u r e  i n  t h e  t i m e  d i f f u s i o n  term 
and t h e  h i g h e s t  space  d e r i v a t i v e s  of  p r e s s u r e  a r e  t aken  a t  t i m e  T + AT and 
s o l v e d  i n  terms of  t h e  r e s t  of t h e  t e rms  of Reynolds e q u a t i o n  t a k e n  a t  t i m e  T. 
I n  t h e  e x p l i c i t  method each  g r i d  v a l u e  of p r e s s u r e  a t  t i m e  T + AT i s  o b t a i n e d  
by one e x p l i c i t  a l g e b r a i c  e q u a t i o n .  
I n  t h e  i m p l i c i t  method, due t o  t h e  i n c l u s i o n  of d e r i v a t i v e s  of  t h e  pressure  
a t  t i m e  T + AT, a sys t em of  a l g e b r a i c  e q u a t i o n s  c o n n e c t i n g  a l l  g r i d  p r e s s u r e s  
must  be s o l v e d .  Consequen t ly ,  i n t e g r a t i o n  o v e r  one t i m e  s t e p  r e q u i r e s  much 
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more computat ion time by t h e  i m p l i c i t  method than  by t h e  e x p l i c i t  one .  
However, t h e  numer i ca l  s t a b i l i t y  c h a r a c t e r i s t i c s  of t h e  e x p l i c i t  method s e v e r e l y  
l i m i t  t h e  s i z e  of t h e  time s t e p  t h a t  c a n  be u t i l i z e d ,  w h i l e  t h e  s t a b i l i t y  c h a r a c -  
t e r i s t i c s  of t h e  i m p l i c i t  method a r e  much b e t t e r  and a l l o w  much l a r g e r  v a l u e s  of 
t h e  t i m e  s t e p  AT. 
I n  c o n c l u s i o n ,  t h e  e x p l i c i t  method i s  of f a s t  e x e c u t i o n  p e r  t i m e  s t e p  b u t  i s  
l i m i t e d  t o  s h o r t  t i m e  i n t e r v a l  w h i l e  t h e  i m p l i c i t  method i s  of slow e x e c u t i o n  
p e r  t i m e  s t e p  b u t  c a n  u t i l i z e  a l ong  t ime i n t e r v a l .  
YLIIL.C c:--,-  It is i n  t h e  i n t e r e s t  of -- &,,“st prsblems t~ i n t e g r a t e  cver a certs111 time 
i n t e r v a l ,  i t  i s  obv ious  t h a t  a t e c h n i q u e  which combines t h e  speed of e x e c u t i o n  
of t h e  e x p l i c i t  method and t h e  numer i ca l  s t a b i l i t y  of t h e  i m p l i c i t  method i s  
q u i t e  d e s i r a b l e .  
I n  what f o l l o w s ,  one such  method i s  exposed. 
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TREATMENT OF REYNOLDS EQUATION 
Cons ide r  t h e  f o l l o w i n g  form of Reynolds e q u a t i o n :  
where a l l  v a r i a b l e s  a r e  d,.nensionless and X i s  t..e d i r e c t i o n  0, mot ion .  
L e t  4-L- L L C q u a n t i t y  H$ be a r b i t r a r i l y  s p l i t  i n  t h e  f o l l o w i n g  manner. 
and 
& = $ ( T  + AT) - $(T) 
a T  AT 
E q u a t i o n  (1) c a n  now be w r i t t e n  a s :  
E q u a t i o n  ( 4 )  i s  a g e n e r a l  f o r m u l a t i o n  which c o n t a i n s  bo th  t h e  e x p l i c i t  method 
by s e t t i n g  
and t h e  i m p l i c i t  method by s e t t i n g  
By n u m e r i c a l l y  approx ima t ing  a l l  d e r i v a t i v e s  of J' i n  e q u a t i o n  ( 4 )  by c e n t r a l  
d i f f e r e n c e s  and c o n s i d e r i n g  t h a t  t h e  J' d i s t r i b u t i o n  a t  time T i s  known, t h e  
numer i ca l  problem r e d u c e s  t o  
[L] (w +AT) j = ( R >  
The s o l u t i o n  of  e q u a t i o n  (5) i s  
A 
AT 
For t h e  e x p l  i c  i t  method [L] i s  d i a g o n a l  w i t h  c o n s t a n t  members - . 
i s  a l s o  d i a g o n a l  w i t h  c o n s t a n t  members and e q u a t i o n  ( 6 )  i s  of s imple  numer- 
i c a l  e x e c u t i o n .  
I t s  i n v e r s e  
For  t h e  i m p l i c i t  c a s e  r L 1  i s  n o t  d i a g o n a l  and i t s  members va ry  w i t h  JI from t i m e  
L -  7-1 s t e p  t o  t i m e  s t e p .  T h e r e f o r e  t h e  i n v e r s e C L J  must be o b t a i n e d  a t  e a c h  t i m e  
s t e p  a t  t h e  expense of  c a l c u l a t i o n  t i m e .  ( I t  shou ld  be p o i n t e d  o u t  t h a t  t h e  
columnwise i n v e r s i o n  method of r e f e r e n c e s  2 and 3 i s  a p p l i c a b l e  t o  t h e  s o l u t i o n  
o f  e q u a t i o n  (5) t h u s  r e d u c i n g  t h e  i n v e r s i o n  t i m e  c o n s i d e r a b l y  b u t  n o t  t o  t h e  
l e v e l  of  t h e  e x p l i c i t  method) .  
A g r e a t  improvement ove r  t h i s  s i t u a t i o n  i s  a f f o r d e d  by t h e  c h o i c e  
($H)ox and (JrH)oy i ndependen t  of  T .  
I ndeed ,  e q u a t i o n  ( 4 )  h a s  n o t  s u f f e r e d  i n  accu racy  s i n c e  
compensate  f o r  any d i f f e r e n c e  between the  t r u e  $H d i s t r i b u t i o n  a t  t i m e  T and t h e  
($HIox and (JrH)oy d i s t r i b u t i o n s ,  and t h e  o p e r a t o r  [L, 1 and i t s  i n v e r s e  [L] do 
n o t  change w i t h  t i m e .  
r e f l e c t e d  i n  changes of  t h e  members of the r i g h t  hand s i d e  ( R ) .  
T h e r e f o r e  a l l  changes i n  J' from time s t e p  t o  t i m e  s t e p  a r e  
I -  
The f a c t  t h a t  t h e  i n v e r s i o n  LL]-' i s  no t  performed a t  e a c h  t ime s t e p  r educes  
t h e  amount of Computation t o  t h e  l e v e l  of t h e  e x p l i c i t  method. 
The n e c e s s a r y  c o n d i t i o n  f o r  t h e  u s e f u l n e s s  of t h e  above proposed s e m i - i m p l i c i t  
method i s  t h a t  i t  be n u m e r i c a l l y  more s t a b l e  t h a n  t h e  e x p l i c i t  method. 
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NUMERICAL S TAB I L I  TY ANA LY S I S  
Genera l  t r ea tmen t :  
L e t  e q u a t i o n  ( 4 )  b e  w r i t t e n  w i t h  t h e  a i d  o f  t h e  f o l l o w i n g  d e f i n i t i o n s  
1 
= F50 + F51 = - - a F5 - (d T) A 
L J 
By s t a n d a r d  c e n t r a l  d i f f e r e n c e  fo rmulae ,  e q u a t i o n  ( 4 )  becomes 
j+l j 
j j ) +  ' ik - ' ik - j + -  F2m - F1 ' i , k  2AX ('i+l,k - ' i -1 ,k  
j+l  j+l 1 + F30 j+l ' i , k - l  j 
F4 j 
2ciy ('i,k+l - ) + -  ('i+l,k - 2'i,k + ' i -1 ,k  
(4w 
+ -  
> +  j j j ) + -  F50 j+ l  j+l j+l  2'i,k + ' i , k - l  
F3 1 
- 2'i,k + ' i -1 ,k  + -  (nx)2 ( 'i+l,k (ml 2 ('i , k+l 
Where 
a )  The F ' s  a r e  e v a l u a t e d  somewhere i n  t h e  i n t e r v a l  acco rd ing  t o  t h e  mean 
v a l u e  theorem and a r e  cons idered  t o  v a r y  much s lower  than  t h e  s o l u t i o n  
components c a u s i n g  numer ica l  i n s t a b i l i t y .  
b) i i s  t h e  g r i d  i n d e x  i n  t h e  X d i r e c t i o n  
k i s  t h e  g r i d  index  i n  t h e  Y d i r e c t i o n  
j i s  t h e  t i m e  g r i d  index  
L e t t i n g  
where Y! 
t h e  a c t u a l  s o l u t i o n  ,iiJ from i t , e q u a t i o n s  (13) c a n  be t ransformed i n t o  equa-  
t i o n s  f o r  t h e  d e v i a t i o n s  E ~ , ~ .  j Such e q u a t i o n s  a r e  i d e n t i c a l  i n  form t o  equa- 
t i o n s  (13) w i t h  i n  p l a c e  of  $J and s h a l l  n o t  b e  w r i t t e n .  (Th i s  i s  due 
t o  t h e  l i n e a r i t y  of e q u a t i o n  (13) ) .  
a r e  t h e  e x a c t  s o l u t i o n  t o  e q u a t i o n s  (13) and E' t h e  d e v i a t i o n s  of 1 , k  i , k  
i , k  
J 
i , k  
The e q u a t i o n s  f o r  EJ c a n  be s a t i s f i e d  by i , k  
r 
a T + I - l  ( b X + c Y )  
n n n N 
n= 1 
c(X,Y,T) = C A e n 
where e v e r y  term r e p r e s e n t s  a s o l u t i o n .  
S u b s t i t u t i n g  one t y p i c a l  term of (15) i n t o  t h e  e q u a t i o n s  f o r  E' and d i v i d i n g  i , k  
by 
a T +  1 - 1  ( b X + c Y )  
n n n 
P 
L 
y i e l d s :  AT 
a AT 
e n  -1 = F,AT + 
- 
fl bnnX - 6 bnM] + F4AT [ 7/-1 cnAY - fi c AY 1 
n~ 
U Y  
J 
e -e ' +  - - e  2@.x + F$T [. 
a AT + f i b  AX a R T  
- 2e + e  
anAT - fi b AX1 
I+  n 
F5&Tl anAT + l/-1 AY a AT anAT - I/ -1 c AY 





1 - +icnAY -2 + e 
C o l l e c t i n g  terms and u s i n g  t h e  d e f i n i t i o n  of complex e x p o n e n t i a l s  
= 1 + F,AT + F2 fi s i n  b L1x + F4 - s i n  c AY + n n 
c nAY 2 s i n  - AT 
b W  2 n  s i n  -
2 
(AY) 
- 4F5i  
AT 
- 4F3i (w)2 2 
a R T  
e i s  the  e r r o r  growth r a t i o  i n  a t i m e  s t e p  AT. A s u f f i c i e n t  c o n d i t i o n  
f o r  n u m e r i c a l  s t a b i l i t y  i s  t h a t  
o r  
anAT 
e - < 1  
AT s i n  2 - cnAy] + 0 (AT) 1 
AT 
b A X  2 n  s i n  -2 
b A X  2 n  s i n  -2 
-f- F51 (Ay)2 2 




W r i t i n g  e q u a t i o n  (19) a s  
- 9- 
(18) 
and u s i n g  t h e  f a c t  t h a t  B > 0 ,  t h e  s t a b i l i t y  l i m i t s  a r e  g i v e n  by 
- B < A < 1 / 2 + B  (2 1) 
But ,  s i n c e  A + B > 0 ,  t h e  l e f t  l i m i t  i s  always s a t i s f i e d  and i t  must  b e  t h a t  





Obvious ly ,  when t h e  q u a n t i t y  i n  p a r e n t h e s i s  i s  n e g a t i v e  t h e  numer i ca l  s t a b i l i t y  
c o n d i t i o n  i s  always s a t i s f i e d .  Cond i t ion  (22) y i e l d s  




b) t h e  u n c o n d i t i o n a l  s t a b i l i t y  of t h e  i m p l i c i t  method 
when 
S i m p l i f i e d  c r i t e r i a  
1) Equa l  t r e a t m e n t  i n  bo th  d i r e c t i o n s  
L e t  
The s i m p l e s t  way t o  use t h i s  c r i t e r i o n  i s  t o  have 
Thus by s e l e c t i n g  (*HI 
done e s p e c i a l l y  w i t h  b e a r i n g s  p o s s e s s i n g  a " l ead ing  edge") i t  i s  p o s s i b l e  
t o  keep t h e  c o r r e c t i o n  ($H) 
i c a l l y  s t a b l e .  
t o  be  t h e  h i g h e s t  t h i n k a b l e  va lue  of VH ( e a s i l y  
0 
always n e g a t i v e  and t h e  p r o c e s s  a lways numer- 1 
- 11- 
The q u e s t i o n  of  numer i ca l  accu racy  remains unchanged, and i n  t r u e  dynamic 
t r a n s i e n t  c a l c u l a t i o n s  i t  i s  impor t an t  t o  b e a r  i n  mind t h a t  v e r y  l a r g e  
v a l u e s  of  t h e  t i m e  i n t e r v a l  AT g ive  e r r o n e o u s  r e s u l t s  e s p e c i a l l y  i n  s e l f -  
e x c i t e d  w h i r l  t h r e s h o l d  e v a l u a t i o n s .  For  t h e  c a s e  of s t e a d y - s t a t e  c a l c u -  
l a t i o n s  t r a n s i e n t  accu racy  i s  n o t  i m p o r t a n t ,  and s i n c e  t h e  a c c u r a c y  of  t h e  
s t e a d y - s t a t e  answer i s  n o t  a f f e c t e d  by t h e  s e l e c t i o n  of  time i n t e r v a l  AT, 
t h i s  s e l e c t i o n  shou ld  be made on the  b a s i s  of exped iency .  
r a p i d i t y  w i t h  which t h e  t r a n s i e n t  s e t t l e d  t o  t h e  s t e a d y - s t a t e  p r e s s u r e  
d i s t r i b u t i o n  depends on t h e  t i m e  s t e p  AT. For smal l  v a l u e s  of  AT t h e  t r u e  
t r a n s i e n t  i s  fo l lowed  and l a r g e r  v a l u e s  of  AT mean longe r  times t o  r e a c h  
s t e a d y - s t a t e .  T y p i c a l l y  t h e  pressure a t  e a c h  p o i n t  i s  approached asymp- 
t c t i c a l l y  f rm  m e  side. Fer larger values of AT the true transient is 
n o t  f o l l o w e d ,  t h e  s o l u t i o n  t e n d s  to  t h e  s t e a d y - s t a t e  more r a p i d l y  over-  
s h o o t i n g  i t  and t h e n  o s c i l l a t i n g  about  i t .  A s  t h e  v a l u e  of  AT i s  r a i s e d  
f u r t h e r  t h e  o v e r s h o o t  i n c r e a s e s  and t h e  number of time s t e p s  s p e n t  i n  
o s c i l l a t i o n s  i n c r e a s e s .  Beyond a c e r t a i n  v a l u e  of AT t h e  o s c i l l a t i o n s  
become so  v i o l e n t  t h a t  the s o l u t i o n  cou ld  be c a l l e d  n u m e r i c a l l y  u n s t a b l e .  
The numer i ca l  s t a b i l i t y  a n a l y s i s  p re sen ted  above does  n o t  p r e d i c t  t h i s  
l i m i t  because i t s  v a l i d i t y  i s  l i m i t e d  t o  small  v a l u e s  of t h e  e r r o r s  w h i l e  
i n  t h i s  c a s e  t h e  e r r o r s  even a f t e r  one t i m e  s t e p  a r e  v e r y  l a r g e .  
Indeed t h e  
I n  c o n c l u s i o n ,  f o r  t h e  most economical e v a l u a t i o n  of  s t e a d y - s t a t e  p r e s -  
s u r e  p r o f i l e s  t h e  optimum v a l u e  of AT l i e s  i n  t h e  r e g i o n  where i t  pro-  
d u c e s  a n  i n c o r r e c t  t r a n s i e n t  which j u s t  o v e r s h o o t s  t h e  s t e a d y - s t a t e  
s o l u t i o n .  
o n  the r ange  of r u n n i n g  c o n d i t i o n s .  
u s e f u l  i n  d e t e r m i n i n g  t h e  most economical p r o d u c t i o n  v a l u e  of AT. 
T h i s  depends on t h e  a c t u a l  geometry under i n v e s t i g a t i o n  and 
A few numer ica l  expe r imen t s  a r e  
2) I m p l i c i t  i n  one d i r e c t i o n  o n l y . I t  may be of g r e a t  i n t e r e s t  t o  u se  
so t h a t  t h e  o n l y  i m p l i c i t  o p e r a t o r  i s  
Approximating t h i s  o p e r a t o r  by t h r e e  p o i n t  c e n t r a l  d i f f e r e n c e  fo rmulae  i t  
becomes a t h r e e  p o i n t  o p e r a t o r  ( r a t h e r  t han  f i v e  p o i n t  a s  i n  t h e  c a s e  of 
($may z 0) - 
T h i s  a f f o r d s  t h e  g r e a t  advantage t h a t  each  X-row of p o i n t s  forms an inde -  
pendent  t h r e e - d i a g o n a l  problem. I f  i d e n o t e s  a n  X-row ( t h a t  i s ,  i r u n s  
i n  t h e  Y d i r e c t i o n ) ,  t h e  problem can be r e p r e s e n t e d  a s  
- Ri ,k ;  i = 1, M 
j [Ak)j] i ' i ) j  
where e a c h  m a t r i x  [AIi i s  t r i d i a g o n a l  and t h e r e f o r e  of e x t r e m e l y  e a s y  
i n v e r  s i o n .  
The s t o r a g e  problem i s  a l s o  g r e a t l y  r e l i e v e d  i n  comparison w i t h  t h e  f u l l  
"columnwise i n f l u e n c e  c o e f f i c i e n t s "  method e 
A n a l y s i s  of t h e  numer i ca l  s t a b i l i t y  of t h i s  p a r t i c u l a r  t e c h n i q u e  s t a r t i n g  
from t h e  g e n e r a l  formula (22) y i e l d s  
which i s  t h e  n u m e r i c a l  s t a b i l i t y  l i m i t  f o r  one d imens iona l  exp1.ici.t methods 
T h e r e f o r e ,  t h e  one d i r e c t i o n  which is n o t  t r e a t e d  imp1 ic i t l . y  f a l l s  back 
i n t o  t h e  e x p l i c i t  method l i m i t a t i o n s .  However, i t  should be n o t i c e d  t h a t  
- 13- 
and,  by s e l e c t i n g  Y so  t h a t  
improvements ove r  t h e  e x p l i c i t  method i n  t h e  a l l o w a b l e  v a l u e  of AT by 
f a c t o r s  of  4 o r  5 a r e  e a s i l y  o b t a i n e d .  Indeed i f  
AY = OAX, 
t h e  improvement o v e r  t h e  e x p l i c i t  method s t a b i l i t y  l i m i t  i s  g i v e n  by 
2, AT = (i t a AT 
( e x p l i c i t )  
- 14- 
NUMERICAL EXAMPLE 
The r e s u l t s  f o r  a numer ica l  example a r e  shown i n  F i g u r e  1. The c a s e  p r e s e n t e d  
i s  t h e  s o l u t i o n  f o r  a one d imens iona l  s l i d e r  b e a r i n g  whose p a r t i c u l a r  geometry 
i s  shown on t h e  f i g u r e .  The d a t a  p l o t t e d  a r e  l o a d l s t e a d y  s t a t e  load v e r s u s  
t h e  i t e r a t i o n  number, w i t h  AT showing the  p a r a m e t r i c  s t u d y .  For a l l  c a s e s  
t h e  i n i t i a l  p r e s s u r e  d i s t r i b u t i o n  i s  s e t  e q u a l  t o  t h e  ambient  p r e s s u r e .  From 
t h e s e  d a t a ,  t h e  e f f e c t  o f  changing  t h e  va lue  of  AT can  be r e a d i l y  s e e n .  For  
s m a l l  v a l u e s  of AT, t h e  load  approaches  the s t e a d y  s t a t e  s o l u t i o n  from one 
s i d e  behaving  a s  a normal p h y s i c a l  t r a n s i e n t .  For  t h e  h i g h e r  v a l u e s  of AT, t h e  
load  o v e r s h o o t s  t h e  s t e a d y  s t a t e  r e s u l t  and o s c i l l a t e s  abou t  i t ,  decay ing  i n t o  
t h e  s t e a d y  s t a t e .  The h i g h e r  t h e  v a l u e  of AT, t h e  more v i o l e n t  t h e  o s c i l l a t i o n  
appea red .  It should  be mentioned h e r e  t h a t  f o r  t h i s  p a r t i c u l a r  a n a l y s i s ,  t h e  
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